Fundamentally understanding the temperature-dependent modulus is the key issue for materials serving in high temperature environments. This paper proposes a model based on lattice vibration theory to predict the temperature-dependent modulus with respect to isothermal and isentropic assumption. The thermal vibration free energy is expressed as a function of the two independent scalars from the strain tensor and temperature. By using the Einstein theory, we present the analytical expression for the temperaturedependent Young's modulus, bulk modulus, shear modulus, and Poisson's ratio. The theoretical prediction agrees well with the experimental data. The proposed model is further degenerated to Wachtman's empirical equation and provides the physical meaning to the parameters in Wachtman's equation.
Introduction
As one of the most important parameters for materials in engineering, elastic modulus has been intensively studied especially in the field of metal and its alloys [1] . Due to its vitality, researchers have developed many methods either to measure it experimentally or predict it theoretically, not only for bulk specimens [2] but also for film/substrate systems [3, 4] and even nanowires [5] . Born and Huang first proposed the temperature-dependent theory of modulus [6] , and their theory adopted the Mie-Gr€ uneisen state equations and used the interparticle potential energy to directly express the isothermal bulk modulus. However, due to the complexity of the calculation of potential energy, especially for metals, it is difficult to apply this theory for practical application. This theory mainly suits better for ionic crystals, as the potential function they adopted was based on ionic crystals. On the other hand, the Gr€ uneisen parameter in this theory is treated as a constant, but this parameter is actually dependent on volume deformation, which may cause additional errors for specified materials with given states. We can also calculate the elastic modulus from the Gr€ uneisen constant. At high temperature, the Gr€ uneisen constant could be simplified as a P K T ¼ const [7] , where a P is the coefficient of thermal expansion, and K T is the isothermal bulk modulus. It should be noted that this equation is a function of coefficient of thermal expansion and fits better for high temperature.
Still based on the Gr€ uneisen constant, Ledbetter and Reed [8] obtained a general relationship for solid materials by using the heat capacity at constant pressure related to temperature and the result is consistent with that by using the Gr€ uneisen parameter. Ledbetter and Reed discussed the elastic modulus of metals and proposed an empirically linear relation between temperature and the elastic modulus, which has been validated with abundant experimental data. However, this prediction is still lacking theoretical explanation. Wachtman et al. [9] presented another empirically nonlinear relation for calculating the Young's modulus, which is well consistent with the experimental data. However, this expression lacks the rigid derivation, and the parameters need to be fitted only by experiments and have no clear physical meanings. In order to theoretically explain Wachtman's empirical equation, Anderson [10] made some efforts to derive the equation for bulk modulus, and the physical meaning of the parameters B and T 0 in Wachtman's equation could be obtained by using the Einstein model or Debye model at high temperature. Anderson's analysis gave the limit of the Wachtman's empirical equation and pointed out that the Young's modulus predicted by Wachtman's model was not correct for certain materials. However, both Anderson's theory and BornHuang's theory are based on the Mie-Gr€ uneisen state equations and the interparticle potential energy, so Anderson's theory also has the same limit as Born-Huang's theory. Moreover, Young's modulus is also the function of Poisson's ratio in Anderson's model, but Anderson did not present the expression of Poisson's ratio at high temperature.
Above all, these models only consider the characteristic temperature to be a function of volume deformation, which is proper under hydraulic pressure. However, it may not work when the solids are in nonhydrostatic stresses in engineering structures. For instance, for a pure shearing case with the constant volume, from the thermal vibration energy equation we can draw the conclusion that the shear modulus does not change with the temperature, which is obviously incorrect. Besides, the theories are mainly based on state equations, and the elastic modulus is usually considered under high pressure. For the mechanical problems in engineering structures with respect to complex stresses but not high hydraulic pressure, normally we adopt the linear elastic model to make the theoretical derivation and results more concise. Moreover, apart from the empirical relations, the present theories do not present the expression of Young's modulus, shearing modulus, and Poisson's ratio directly related to temperature. Especially at a high temperature, Young's modulus and shearing modulus could not be expressed simply through bulk modulus [11] . 1 In brief, the theoretical and experimental research on the relation between isothermal modulus (especially Young's modulus, shear modulus) and temperature is not sufficient yet. The main purpose of this paper is to analyze all the isothermal elastic modulus for materials related to temperature. By investigating the influence of both volume and shape deformation on the characteristic temperature of the lattice vibration, we derived the expressions for all the elastic modulus and Poisson's ratio related to temperature. We also obtained isentropic modulus, respectively. In the end, we degenerated the expression of Young's modulus in our model to Wachtman's empirical equation and provided the physical meaning to the parameters in Wachtman's equation.
Theory
Based on Landau's elasticity theory, the free energy per volume can be extended to
where F els is free energy only from the elastic deformation contribution, and F vib is the free energy only from thermal vibration contribution. If the deformation is small and the material is isotropic, F els can be expressed by strain tensor e ij [12]
Where F 0 is a constant, k 0 and l 0 are Lame coefficients at zero temperature (T ¼ 0), e ij is the elastic strain tensor, d ij is the Kronecker d, and e 2 kk and e 2 ij are two independent scalars of the second degree formed from the strain tensor [12] .
The free energy F vib can be written as [6] 
where H is characteristic temperature (for example, Einstein temperature or Debye temperature), which is independent of temperature T.
In most of the theories, H is only considered as a function of volume deformation [6] . However, this assumption is inappropriate when the solids are in nonhydraulic stresses, as we have mentioned above. In order to relax this assumption for general stress state, we assume H to be a function of e 2 kk ¼ I k (related to volume deformation) and e 2 ij ¼ I l (related to general deformation). Thus, the total free energy can be rewritten as
For isotropic materials, there are only two independent elastic constants. By comparing Eqs. (4) and (2), we can use a simple way to get the isothermal Lame coefficients
For the linear elastic model, elastic modulus should be independent of strains, let e ij tend to be 0; therefore, I l ¼ 0; I k ¼ 0, and the above two constants become
where
Using Eqs. (7) and (8), we can get other elastic constants based on Landau elastic theory [12] 
where K T , G T , E T , and T are isothermal bulk modulus, shear modulus, Young's modulus, and Poisson's ratio, respectively. From Eq. (10), we can see that if ð@H=@I l Þ ¼ 0, G T would be independent of the temperature. But a lot of evidence [8, 7, 13] showed that shear modulus is related to temperature, which means H must be associated with I l . By using the Einstein approximation for F vib [6] , the vibration free energy is
where R is the gas constant, and V is the molar volume. Here the characteristic temperature H is Einstein temperature, which is an "average" value reflecting the difference of vibration frequency in three directions. The volume change is small even if the temperature reaches melting point; thus, we can ignore this volume change, and by using f T ð Þ ¼ ð@F vib =@HÞj H0 we can obtain
where V 0 means that there is no deformation of the body e ij ¼ 0 À Á , and H 0 is corresponding to V 0 . Furthermore, we can obtain isentropic modulus by using the above isothermal modulus. The following equations establish the relationship between isentropic modulus and isothermal modulus [8] :
where G S and K S are isentropic shear and bulk modulus, G T and K T are isothermal shear and bulk modulus, a P is volume thermal expansion coefficient, C V is molar heat capacity at constant volume, and C P is molar heat capacity at constant pressure. Here, we find that only isothermal shear modulus is the same as the isentropic. However, Eqs. (17) and (18) involve the volume thermal expansion coefficient, which has to be measured by experiment at different temperature. It is not practical for application. Therefore, we try to represent Eqs. (17) and (18) by other parameters that are easy to measure by experiment or obtain by theory. By using the Einstein approximation, C V is [6]
By using Eqs. (17)- (19) and Gr€ uneisen parameters, we can further express isentropic modulus as below:
Thus, Eqs. (20) and (21) avoid the volume thermal expansion coefficient and connect isentropic modulus to isothermal modulus with the practical parameters.
Results and Discussion
To demonstrate the proposed model, we conduct the prediction for molybdenum (Mo) and compare that to experiments. The material constants of molybdenum are shown in Table 1 . According to Eq. (10), we can calculate G 0 and n l with Farraro and Mclellan's experimental data of shear modulus [13] . Similarly, K 0 and n K are obtained by Eq. (13) and the data of Zhao et al. [14] concerning isothermal bulk modulus; then, n k can be calculated according to n K ¼ 2n k þ ð2=3Þn l . These results of the calculation are listed in Table 2 .
Then each temperature-dependent modulus is determined by using the above constants and proposed model (e.g., Eqs. (10)- (13)). Figure 1 shows the predicted temperaturedependent modulus and the comparison to experimental data. Solid lines are the predicted values, and the scatters are the experimental data from the literature. All modulus decreases with the increase of temperature. It is found that both isothermal modulus E T ðTÞ (solid line) and isentropic modulus E S ðTÞ (dot line) are consistent with the experimental data, and these two lines are almost the same. The isothermal bulk modulus K T ðTÞ (solid line) is also consistent with the experimental data. However, the isentropic bulk modulus K S ðTÞ (dot line) deviates slightly from K T ðTÞ at high temperature, which can be explained by the isentropic process. In other words, the volume change causes the system entropy change; however, this change is prevented by the assumption of isentropic process; therefore, isentropic modulus is higher than isothermal modulus. From Eq. (16), the isothermal and isentropic shear modulus are the same, which catch the experimental data well (solid line). Figure 2 shows the Poisson's ratio versus the temperature. The Poisson's ratio increases about 5% from room temperature to 1500 K. This change should be taken into account when the materials are working at high temperature.
In order to further compare the proposed model to the classical Wachtman's equation, we degenerate the proposed model with some simplification. At very high temperature (e.g., T ) H), Eq. (15) can be approximated as
The shear modulus at high temperature then is rewritten as
where G 0 T is the approximate value of shear modulus at high temperature, and Table 2 Calculated temperature independent constants of molybdenum
132 187 275 À2945 À528 À3019 Fig. 1 Temperature-dependent modulus of molybdenum. Experimental data from literature [13, 14] . 
where C is a constant. The Young's modulus is then approximated as
Then Eq. (27) can be finally expressed as
The classical Wachtman's equation only presents the Young's modulus [9] as
Comparing Eq. (29) 
Conclusions
Based on Landau's theory of elasticity, we assume the free energy of isotropic materials to be composed of the elastic deformation contribution and thermal vibration contribution. We then introduce the effect of both volume and shape deformation on the characteristic temperature of the lattice vibration and use Einstein's model to derivate both isothermal and isentropic modulus for materials at different temperature. The theoretical predictions of the proposed model agree well with the experimental data. We discuss the simplified formula at high temperature and compare it with the classical Wachtman's equation and present the physical meaning of the parameters. We also extend Wachtman's equation to shear modulus and bulk modulus. The proposed model will evaluate the temperature-dependent modulus of materials as well as material design in engineering application.
